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Sp(Ŝn)

]2
−

1

n(n − 1)

n∑

k=1

(Ak − A·)
2 =

¼



A
2

· −
1

n(n − 1)

[
n∑

k=1

A2
k − nA

2

·

]
=

n

n − 1
A

2

· −
1

n(n − 1)

n∑

k=1

A2
k =

1

n(n − 1)




(

n∑

k=1

Ak

)2

−
n∑

k=1

A2
k



 =
1

n(n − 1)

n∑

k=1

n∑

l=1︸ ︷︷ ︸
k 6=l

AkAl

� f p J D>CI o SPEMKLJI ALE? F>? jhPB?E Ã

n

n − 1

(
1

n

n∑

k=1

Sk

)2

−
1

n(n − 1)

n∑

k=1

S
2
k =

1

n(n − 1)

[
n∑

k=1

SkSl −
n∑

k=1

S
2
k

]
=

1

n(n − 1)

∑

k 6=l

SkSl

�?ISI ?BLMCI O RE O >I F?B kE@RB>RES F?B jhPB PEI?B SriC>JKL?E y?BIRPJKLPED?E F>? NACD?EF?
=RBJI?CCPED `

k 6= l
e Ã

Sp(SkSl) = Sp(YkY
′
kYlY

′
l)

= Y
′
lYkY

′
kYl = AlkAkl

Sym.
= A2

kl

jKLC>?wC>KL D>CI NlB F?E jKLMIS?B
B2

FREE Ã

B2 =
1

n(n − 1)

n∑

k=1

n∑

l=1︸ ︷︷ ︸
k 6=l

A2
kl

2=PBKL mPJROO?EJ?IS?E F?B AH>D?E pBD?HE>JJ? ?BLMCI O RE JKL C>?wC>KL ?>E?E E?P?E jKLMIS?B
f̃
Ã

f̃ =
B1

B2
=

∑

k 6=l

AkAl

∑

k 6=l

A2
kl

.

� ®­ ��¹�¶¹º·���� �»� °·�·»�¹¶�±¶¸ �»
.PRFBRI>JKL? �ABO ?E J>EF jh?S>RCNMCC? F?B g >C>E?RBNABO ?E Ã NlB

k = l
Q>BF RPJ F?B g>C>E?RBNABO

Akl
F>? ¾PRFBRI>JKL? �ABO

Ak
f =?JLRCH Q?BF?E SPEMKLJI F>? pBD?HE>JJ? lH?B ¾PRFBRI>JKL? �ABO ?E

H?JKLB>?H ?E PEF FREE F>? F?B g >C>E?RBNABO ?E FRBRPJ RHD?C?>I?I f kO �ACD?EF?E JACC D?CI?E T FRJJ
>OO?B FREE ?>E? ¾PRFBRI>JKL? �ABO D?O ?>EI >JI T Q?EE F>? kEF>S?J DC?>KL J>EF PEF F>? g>C>E?RBNABO
EPB FREE g>C>E?RBNABO D?EREEI Q >BF T Q?EE F>? kEF>S?J @?BJKL>?F?E J>EF Ã
	
��
�
�� 3 �� � ] _ V�cV $ ��_ VZ[V �ZcVW]�� V�[YZ_ 7

Akl := X
′
kTXl =̂

{ .PRFBRINABO
k = lg>C>E?RBNABO
k 6= l

mPEMKLJI RCJA F>? p >D?EJKLRNI?E F?B ¾PRFBRI>JKL?E �ABO ?E Ã FRJ =RBJI?CCPEDJC?OOR S?>DI T FRJJ J>KL
?>E? ¾PRFBRI>JKL? �ABO RCJ jPOO? @AE PEiABB?C>?BI?E mPNRCCJ@RB>RHC?E FRBJI?CC?E CMJJI f

½



0
112 3 �� �	2���
 ����� 

�
� ��2��2�
���
� ���1 �
� V�

X = (X1, ..., Xn)′
V�Z �Y$ b � �]UV6 c�W d �c

E(X) = µ
YZ[

Cov(X) = V > 0
]�5�V

T
V�Z 	 W�� V6 c�W (

� bZZ _ ��c $ %W [�V �Yb[Wbc�]�� V ��Wd

A = X
′
TX =






n∑

i=1

λi(Ui + bi)
2 $ %W

E(X) = µ 6= 0

n∑

i=1

λiU
2
i

$ %W
E(X) = 0

5�XV� [�V
λi

[�V � �_ VZ5 VWcV U�Z
V

1/2
TV

1/2 ]�Z[ (
�Y" VW[Vd �]c

U = (U1, ..., Ud)
V�Z �Y$ b � �]UV6 c�W d �c

E(U) = 0& Cov(U) = I
YZ[

(b1, ..., bd) =

(P′
V

1

2 µ)′
d �c

PP
′ = I

(
8
9

� : J>?L? ���¡� � � �~�	��� ���� `j f�½ N e

|?EE O RE SPJMISC>KL NABF?BI T FRJJ F>?
X

EABO RC@?BI?>CI J>EF T FREE iREE ORE NACD?EF?J �?JPCIRI
lH?B F>? y?BI?>CPED F?B ?EIJhB?KL?EF?E ¾PRFBRI>JKL?E �ABO L?BC?>I?E f
���� ��2� 3 �
 ��
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� ���1 �
� V�VZ

X = (X1, ..., Xn)′ ∼ N (0,V)& |V| 6= 0 & V = V
′
YZ[

r(V) = n
]�5�V

T
V�Z 	 W�� V6 c�W ( � bZZ

_ ��c $ %W [�V �Yb[Wbc�]�� V ��Wd
A = X

′
TX =

n∑

i=1

λiCi

5�XV�
Ci ∼ χ2

1 u.i.v.
YZ[ [�V

λi
[�V � �_ VZ5 VWcV U�Z

TV
]�Z[ (

8
9

� : pJ D>CI Ã
|V| 6= 0

PEF
V = V

′ ⇒ ∃V
1/2 PEF

V
−1/2 T JrOO?IB>JKL PEF >E@?BI>?BHRB

⇒ V
1/2

V
−1/2 = I

f

X
′
TX = X

′
V

−1/2
V

1/2
TV

1/2
V

−1/2
X

= X
′
V

−1/2
P

′
PV

1/2
TV

1/2
P

′
PV

−1/2
X

=R
V

1/2 PEF
T

JrOO?IB>JKL J>EF T D>CI RPKL T FRJJ
V

1/2
TV

1/2 JrOO?IB>JKL >JI f =RO >I NACDI RPJ
F?O jRIS lH?B F>? sRPhIRKLJ?EIBREJNABO RI>AE Ã ?J ?� >JI>?BI ?>E? ABILADAERC? n RIB>�

P
T JAFRJJ

PV
1/2

TV
1/2

P
′ = diag{λ′

1, ..., λ
′
n} = ∆

f = >?
λ′

i

J>EF L>?BH?> F>? p >D?EQ?BI? @AE
V

1/2
TV

1/2 f G CJA
NACDI Q?>I?B Ã

X
′
TX = (PV

−1/2
X)′ PV

1/2
TV

1/2
P

′

︸ ︷︷ ︸
∆

(PV
−1/2

X) = Z
′∆Z =

n∑

i=1

λ′
iZ

2
i

O>I
Z = PV

−1/2
X ∼ N (0,PV

−1/2
VV

−1/2
P

′) = N (0, In)
f

p J HC?>HI RCJA SP S?>D?E T FRJJ
λi = λ′

i

D>CI f
j?> F?JLRCH

λ
?>E H ?C>?H>D?B p >D?EQ?BI @AE

V
1/2

TV
1/2 f = REE D>CI Ã

0 = |V1/2
TV

1/2 − λI| = |I||V1/2
TV

1/2 − λI|

= |V−1/2||V1/2
TV

1/2 − λI||V1/2|

= |V−1/2
V

1/2
TV

1/2
V

1/2 − λV
−1/2

IV
1/2|

= |TV − λI|
GCJA >JI

λ
RPKL p >D?EQ?BI @AE

TV
f

2

=RJ *ABACCRB S?>DI T FRJJ ?>E? ¾PRFBRI>JKL? �ABO Q >? ?>E? jPOO? @AE PEiABB?C>?BI?E `HSQ f PERHLMEo
D>D?E H?> �ABO RC@?BI?>CPEDe

χ2
1

o@?BI?>CI?E mPNRCCJ@RB>RHC?E @?BI?>CI >JI f n >I s >CN? F>?J?B kENABORI>AE
>JI ?J OzDC>KL T F>? ?BJI?E S?EIBRC?E n AO?EI? @AE ¾PRFBRI>JKL?E �ABO ?E RPJSPB?KLE?E f
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Xk = (Xk1, ..., Xkn) ∼ N (µ,V)& u.i.v.& (k = 1, ..., N)
]�5�V

T
V�Z 	 W�� V6 c�W ( � bZZ _ ��c $ %W

[�V �Yb[Wbc�]�� VZ ��Wd VZ
Ak = X

′
kTXk

!YZ �� ]c b� �_ Vd V�Z 7
� (

E(Ak) = Sp(TV) + µ
′
Tµ

	 (
Var(Ak) = 2 Sp[(TV)2] + 4µ

′
TVTµ

�b� �]
Tµ = 0

�]c& ]� _ ��c bY" VW[Vd 7
� (

E(Ak) = Sp(TV) =: ν

� (
Var(Ak) = 2 Sp[(TV)2] =: τ2

� ( � %W [�V �bW�bZ! VZ X!5 ( � �UbW�bZ! VZ [VW _ Vd �]�� cVZ 	 bbWV
AkAl

YZ[
AmAn 'V] ]V� �dd VW

k 6= l
X!5 (

m 6= n) _ ��c 5 V�cVW� �Z 7

Cov(AkAl, AmAn) =






τ4 + 2 τ2ν2 : (k, l) = (m, n)
bzw. (k, l) = (n, m)

τ2ν2 : k = m und l 6= n
bzw. k 6= m und l = n

0 : sonst

8
9

� :
�f `jRIS @AE ��� ����~e

E(Ak) = E(X′
TX)) = E(Sp(X′

TX)) = E(Sp(TXX
′))

= Sp(T · E(XX
′))

= Sp(TV) + Sp(Tµµ
′)

= Sp(TV) + µ
′
Tµ

� f J>?L? ���¡�� � �~�	��� ���� `j f��e
� f NA CDI PEO >II?CHRB RPJ `�e
Á f NA CDI PEO >II?CHRB RPJ `�e
� f

• Var(AkAl) = E(AkAlAkAl) − [E(AkAl)]
2

= [E(A2
k)]2 − [E(Ak)]4 = (τ2 + ν2)2 − ν4

= τ4 + 2 τ2ν2

• Cov(AkAl, AkAm) = E(AkAlAkAm) − E(AkAl)E(AkAm)

= (τ2 + ν2)ν2 − ν4 = τ2ν2

• Cov(AkAl, AmAn) = ν4 − ν4 = 0

2

�RKLF?O EPE RCC? ?BNABF?BC>KL?E p >D?EJKLRNI?E F?B ¾PRFBRI>JKL?E �ABO ?E L?BD?C?>I?I QPBF?E T JACC?E
t ?ISI F>? g >C>E?RBNABO ?E H?IBRKLI?I Q?BF?E f mPEMKLJI RCJA Q >?F?B FRJ =RBJI?CCPEDJC?OOR >E C?>KLI
RHD?QREF?CI?B �ABO `FRJ =RBJI?CCPEDJC?OOR AH?E >JI AÂ?EJ>KLIC>KL EPB ?>E jh?S>RCNRCC L >?B@AEe f
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X = (X1, ..., Xn)′
YZ[

Y = (Y1, ..., Yn)′
YZbX�  Z_ �_ V& �[VZc�]�� UVWcV��cV �Y$ b � �]UV6 c�WVZ d �c

��



E(X) = E(Y) = µ
YZ[

Cov(X) = Cov(Y) = V > 0
]�5�V

T
V�Z 	 W�� V6 c�W ( � bZZ _ ��c $ %W [�V

� ���ZVbW$ �Wd

A = X
′
TY =






n∑

i=1

λi(Ui + bi)(Wi + bi)
$ %W

E(X) = E(Y) = µ 6= 0

n∑

i=1

λiUiWi
$ %W

E(X) = E(Y) = 0

5�XV� [�V
λi

[�V � �_ VZ5 VWcV U�Z
TV

] �Z[ (
�Y" VW[Vd ] �Z[

U = (U1, ..., Ud),W = (W1, ..., Wd)
�Y$ b � �]UV6 c�WVZ d �c

E(U) = E(W) = 0&
Cov(U,W) = 0

YZ[
Cov(U) = Cov(W) = I

YZ[
(b1, ..., bd) = (P′

V
1

2 µ)′
d �c

PP
′ = I

(
8
9

� : j?IS?

ZX = (V−1/2
X−V

−1/2
µ)

PEF RERCAD
ZY = (V−1/2

Y−V
−1/2

µ)
f �RKL F?O jRIS

lH?B F>? sRPhIRKLJ?EIBREJNABO RI>AE ?� >JI>?BI ?>E? ABILADAERC? n RIB>�
P
T JA FRJJ D>CI Ã

PV
1/2

TV
1/2

P
′ = diag{λ′

1, ..., λ
′
n} =: ∆, PP

′ = I

j?IS? FREE
U = P

′
ZX

PEF
W = P

′
ZY

f = RO >I D>CI Ã

E(U) = E(W) = 0 Cov(U) = Cov(W) = I

=REE NACDI NlB F>? g >C>E?RBNABO Ã

X
′
TY = X

′
V

−1/2
V

1/2
TV

1/2
V

−1/2
Y

= (ZX + V
−1/2

µ)′V1/2
TV

1/2(ZY + V
−1/2

µ)

= (ZX + V
−1/2

µ)′P′
PV

1/2
TV

1/2
P

′

︸ ︷︷ ︸
∆

P(ZY + V
−1/2

µ)

= (U + b)′∆(W + b)

2

|?EE ORE EPE SPJMISC>KL NABF?BI T FRJJ F>? y?iIAB?E
X

PEF
Y

EABO RC@?BI?>CI J>EF T JA iREE F>?
GPJJRD? lH?B F>? y?BI?>CPED ?>E?B g >C>E?RBNABO hBMS>J>?BI Q?BF?E f
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X = (X1, ..., Xn)′
YZ[

Y = (Y1, ..., Yn)′ ∼ N (0,V)
YZ[ YZbX�  Z_ �_ & |V| 6= 0 & V = V

′ YZ[
r(V) = d

]�5�V
T

V�Z 	 W�� V6 c�W ( � bZZ _ ��c $ %W [�V � ���ZVbW$ �Wd

A = X
′
TY ∼

n∑

i=1

λiCiDi

5�XV�
Ci, Di ∼ N (0, 1)

Y (�(U ( YZ[ [�V
λi

[�V � �_ VZ5 VWcV U�Z
TV

]�Z[ (
8
9

� : pJ D>CI Ã

|V| 6= 0
PEF

V = V
′ ⇒ ∃V

1/2 PEF
V

−1/2 T JrOO?IB>JKL PEF >E@?BI>?BHRB
⇒ V

1/2
V

−1/2 = I
f

X
′
TY = X

′
V

−1/2
V

1/2
TV

1/2
V

−1/2
Y

= X
′
V

−1/2
P

′
PV

1/2
TV

1/2
P

′
PV

−1/2
Y

=R
V

1/2 PEF
T

JrOO?IB>JKL J>EF >JI RPKL
V

1/2
TV

1/2 JrOO?IB>JKL f =RO >I NA CDI RPJ F?O jRIS
lH?B F>? sRPhIRKLJ?EIBREJNABO RI>AE Ã ?J ?� >JI>?BI ?>E ABILADAERC?J

P
T JAFRJJ

PV
1/2

TV
1/2

P
′ =

diag{λ′
1, ..., λ

′
n} = ∆

f = >?
λ′

i

J>EF L>?BH ?> F>? p >D?EQ?BI? @AE
V

1/2
TV

1/2 f p J NACDI Q?>I?B Ã

X
′
TY = (PV

−1/2
X)′ PV

1/2
TV

1/2
P

′

︸ ︷︷ ︸
∆

(PV
−1/2

Y) = C
′∆D =

n∑

i=1

λ′
iCiDi

��



O>I
C = PV

−1/2
X ∼ N (0,PV

−1/2
VV

−1/2
P

′) = N (0, In)
PEF RERCAD

D = PV
−1/2

Y ∼ N (0,PV
−1/2

VV
−1/2

P
′) = N (0, In)

f
p J HC?>HI EAKL SP S?>D?E T FRJJ

λi = λ′
i

D>CI f =RJ QPBF? RH?B H?B?>IJ >O g?Q?>J SP *ABACCRB � f�
D?S?>DI f

2n>I s>CN? F?B AH>D?E g?IBRKLIPED?E iREE O RE EPE F>? ?BJI?E S?EIBRC?E nAO?EI? F?B g >C>E?RBNABO ?E
H?B?KLE?E f
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Xk = (Xk1, ..., Xkn)′, Xl = (Xl1, ..., Xln)′ ∼ N (0,V)& u.i.v., (k 6= l ∈ {1, ..., n})
]�5�V

TV�Z 	 W�� V6 c�W ( � bZZ _ ��c $ %W [�V � ���ZVbW$ �Wd VZ
Akl = X

′
kTXl

7
� (

E(Akl) = 0

	 (
Var(Akl) = E(A2

kl) = Sp[(TV)2]

� (
E(A4

kl) = 6 Sp[(TV)4] + 3 (Sp[(TV)2])2

� (
E(A2

klA
2
kn) = 2 Sp[(TV)4] + (Sp[(TV)2])2

8
9

� :
�f

E(Akl) = E(
∑d

i=1 λiCiDi) =
∑d

i=1 λi E(Ci)E(Di)︸ ︷︷ ︸
=0

= 0

� f
Var(Akl) = E(A2

kl) = E(
∑d

i=1 λiCiDi

∑d
j=1 λjCjDj)

= E(
∑d

i=1 λ2
i C

2
i D2

i ) =
∑d

i=1 λ2
i E(C2

i )︸ ︷︷ ︸
=1

E(D2
i )︸ ︷︷ ︸

=1

=
∑d

i=1 λ2
i = Sp[(TV)2]

� f
E(A4

kl) = E
(
(
∑

λiCiDi)
4
)

=
∑

i

∑

j

∑

r

∑

s

λiλjλrλsE(CiDiCjDjCrDrCsDs)

=
∑

i

λ4
i E(C4

i D4
i )︸ ︷︷ ︸

9

+3
∑

i6=j

λ2
i λ

2
j E(C2

i D2
i C

2
j D2

j )
︸ ︷︷ ︸

1

= 6
∑

i

λ4
i + 3

∑

i,j

λ2
i λ

2
j = 6 Sp[(TV)4] + 3 (Sp[(TV)2])2

Á f
E(A2

klA
2
kn) = E((

∑
λiCiDi)

2(
∑

λiCiEi)
2)

=
∑

i

∑

j

∑

r

∑

s

λiλjλrλsE(CiDiCjDjCrErCsEs)

=
∑

i

λ4
i E(C4

i D2
i E2

i )︸ ︷︷ ︸
3

+
∑

i6=j

λ2
i λ

2
j E(C2

i D2
i C

2
j E2

j )
︸ ︷︷ ︸

1

= 2
∑

i

λ4
i +

∑

i,j

λ2
i λ

2
j = 2 Sp[(TV)4] + (Sp[(TV)2])2

2
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λi, (λi ≥ λ0 > 0)
[�V � �_ VZ5 VWcV U�Z

TVT
YZ[

m := max
i

λi < ∞
(

� (
lim

d→∞

m
∑d

i=1 λi

= 0 ⇒ lim
d→∞

Sp[(TV)2]

[Sp(TV)]2
= 0

	 (
lim

d→∞

m2

∑d
i=1 λ2

i

= 0 ⇒ lim
d→∞

Sp[(TV)4]

(Sp[(TV)2])2
= 0

8
9

� :
�f

Sp[(TV)2]

[Sp(TV)]2
=

∑
λ2

i

(
∑

λi)2
≤

m
∑

λi

(
∑

λi)2
=

m∑
λi

d→∞
−→ 0

� f
Sp[(TV)4]

(Sp[(TV)2])2
=

∑
λ4

i

(
∑

λ2
i )

2
≤

m2
∑

λ2
i

(
∑

λ2
i )

2
=

m2

∑
λ2

i

d→∞
−→ 0

8
1
�#��� 3 ��� �Y] [VW !5 V�cVZ � V[�Z_YZ_ $ ��_ c [�V VW]cV 7
m2

(
∑

λi)2
≤

m2

∑
λ2

i

[VZZ (∑
λi

)2

≥
∑

λ2
i

[b [�V
λi ≥ 0

] �Z[ (
n>I s>CN? @AE £?OOR � f� Q >BF EPE F>? *AEJ>JI?ES HSQ f = >O ?EJ>AEJJIRH>C>IMI F?B H ?>F?E ?BQRBo
IPEDJIB?P?E jKLMIS?B

B1
PEF

B2
D?S?>DI T @ABRPJD?J?ISI T J>? ?BNl CC?E F>? g?F>EDPED?E RPJ £?OOR

� f��f p J OPw RCJA D?S?>DI Q?BF?E T FRJJ F?B .PAI>?EI RPJ F?B yRB>RES F?J jKLMIS?BJ PEF F?O uRo
BRO?I?B SPO .PRFBRI NlB L >EB?>KL?EF DBAw?J

d
DC?>KLO Mw>D H?JKLBMEiI >JI PEF F>?J? jKLBREi? EPB

EA KL @AE
n
RHLMEDI f

= >? NACD?EF?E GPJJRD?E lH?B F>? yRB>RES ?>E?B jPOO? @AE RHLMED>D?E mPNRCCJ@RB>RHC?E
Xi

Q?BF?E
REJKLC>?w?EF @?BQ?EF?I Ã

Var
∑

i

Xi =
∑

i

Var(Xi) +
∑

i6=j

Cov(Xi, Xj)

Var
∑

i

Xi = E(
∑

i,j

XiXj) − [E(
∑

i

Xi)]
2

=RBRPJ NACDI NlB
V1 = Var(B1)

Ã

n2(n − 1)2V1 = Var(
∑

k 6=l

AkAl) =
∑

k 6=l

Var(AkAl) +
∑

k 6=l

∑

r 6=s︸ ︷︷ ︸
(k,l) 6=(r,s)

Cov(AkAl, ArAs)

|?>I?B NA CDI O >I £?OOR � f¼ Ã

n2(n − 1)2V1 = n(n − 1)Var(AkAl)

+n(n − 1)(n − 2)(n − 3)Cov(AkAl, ArAs)

+4n(n − 1)(n − 2)Cov(AkAl, AkAr)

+n(n − 1)Cov(AkAl, AlAk)︸ ︷︷ ︸
=Var(AkAl)

= 2n(n − 1)(σ4 + 2 σ2µ2) + 4 n(n − 1)(n − 2)σ2µ2

= 2n(n − 1)σ4 + (4n3 − 8 n2 + 4n)σ2µ2

��



nRE J>?LI T FRJJ F?B x?BO
µ4 = [Sp(TV)]4

>E F?B yRB>RES E>KLI O?LB @ABiAOOI f n >I s >CN? @AE
£?OOR � f�� iREE O RE FREE S?>D?E T FRJJ

V1/[Sp(TV)]4
NlB

d → ∞
@?BJKLQ >EF?I Ã

V1

[Sp(TV)]4
=

2

n(n − 1)

(Sp[(TV)2])2

[Sp(TV)]4︸ ︷︷ ︸
→0

+
(4n3 − 8 n2 + 4n)

n2(n − 1)2
Sp[(TV)2]

[Sp(TV)]2︸ ︷︷ ︸
→0

`� f�e

GPw?BF?O >JI F?B .PAI>?EI NlB RCC?
d, n > 1

H?JKLBMEiI FPBKL 4n
(n−1)2

Ã

V1

[Sp(TV)]4
=

2

n(n − 1)

(Sp[(TV)2])2

[Sp(TV)]4︸ ︷︷ ︸
≤1
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