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Introduction Generalized pairwise comparisons Group-sequential designs (GSD) GPC-GSD Simulation Study

Part I
Generalized Pairwise Comparisons (GPC)
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RECAP: THE WILCOXON-MANN-WHITNEY TEST

• Statistical model Xgi ∼ Fg,g = T, C, i = 1, . . . ,ng

• Null hypothesis: H0 : FT = FC

• Procedure: Compare all XTi with all XCj using

g(i, j) = c(XTi, XCj) =


0 if XCj > XTi (unfavorable),
1/2 if XCj = XTi (tie),
1 if XCj < XTi (favorable)

resulting in nT × nC pairwise comparisons
• Inference is based on Mann–Whitney statistic U =

∑nT
i=1

∑nC
j=1 g(i, j)
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LIMITATIONS

• The Wilcoxon–Mann–Whitney test is limited to a single outcome

• Increasing interest in clinical trials to evaluate multiple outcomes (clinical,
safety, patient-relevant)

• Outcomes differ in clinical severity (e.g., death vs. hospitalization)
• Relative importance must be reflected in the analysis
• Outcomes may be of different types (metric, discrete, survival)

︸ ︷︷ ︸
Generalized pairwise comparisons provide a principled solution
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Stephen Schüürhuis: Group-sequential methods for generalized pairwise comparisons 3



Introduction Generalized pairwise comparisons Group-sequential designs (GSD) GPC-GSD Simulation Study

KEY REFERENCE
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GENERALIZED PAIRWISE COMPARISONS
• GPC extend the Wilcoxon–Mann–Whitney test to this multivariate setting
• For each patient i in group g ∈ {T, C}, we observe d prioritized outcomes

Xgi =
(
X(1)

gi , . . . , X
(d)
gi

)⊤
, X(k)

gi ∼ F(k)
g

• Compare all XTi with all XCj using

g(i, j) = c(XTi,XCj) =


−1 if XCj ≻ XTi (unfavorable),
0 if XCj ≍ XTi (comparable),
1 if XCj ≺ XTi (favorable)

• The operators {≻,≍,≺} allow to generalize {>,=, <} to multiple prioritized outcomes
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GPC FOR d = 2
• Perform all nT × nC as follows

Outcomes
Favorable
XCj ≺ XTi

Comparable
XCj ≍ XTi

Unfavorable
XCj ≻ XTi

k=1 if c(X(1)
Cj , X(1)

Ti ) = 1 if c(X(1)
Cj , X(1)

Ti ) = 0 if c(X(1)
Cj , X(1)

Ti ) = −1

k=2 if c(X(2)
Cj , X(2)

Ti ) = 1 if c(X(2)
Cj , X(2)

Ti ) = 0 if c(X(2)
Cj , X(2)

Ti ) = −1

• Compare outcomes in priority order: start at k = 1; if tied, increment k; else stop.
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THRESHOLDS OF CLINICAL RELEVANCE
• Thresholds of clinical relevance γ(k) may be used for each outcome k = 1, . . . ,d

≻γ : XTi favorable to XCj by γ

≺γ : XTi unfavorable to XCj by γ

≍γ : XTi in a range of XCj ± γ
XTi

(1) − XCj
(1)

XTi
(2) − XCj

(2)

γ(1)−γ(1)

γ(2)

−γ(2)

g(i, j)= 1

g(i, j)= −1

g(i, j)= 0

Stephen Schüürhuis: Group-sequential methods for generalized pairwise comparisons 7



Introduction Generalized pairwise comparisons Group-sequential designs (GSD) GPC-GSD Simulation Study

ESTIMANDS IN THE GPC FRAMEWORK

• Various estimands exist in the context of generalized pairwise comparisons:

Definition Relation to θ

Mann-Whitney Effect θ P(XTi ≻ XCj) + 1/2P(XTi ≍ XCj) X

Net treatment benefit ∆ P(XTi ≻ XCj)− P(XTi ≺ XCj) 2θ − 1

Win ratio Ψ
P(XTi≻XCj)

P(XTi≺XCj)
θ−1/2τ

1−θ−1/2τ

Success Odds Λ
P(XTi≻XCj)+1/2P(XTi≍XCj)

P(XTi≺XCj)+1/2P(XTi≍XCj)
θ

1−θ

*τ = P(XTi ≍ XCj)
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• NTB ∆ is the most common effect measure in GPC
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PROPERTIES OF THE WIN RATIO
• Consider a trial with nT = nC = 100, yielding nT × nC = 10,000 pairwise comparisons

Setting Favorable Neutral Unfavorable θ ∆ Ψ Λ

1 8 (0.08%) 9991 (99.91%) 1 (0.01%) 0.5004 0.0007 8 1.001
2 80 (0.8%) 9910 (99.1%) 10 (0.1%) 0.504 0.007 8 1.014
3 800 (8.0%) 9100 (91.0%) 100 (1.0%) 0.535 0.07 8 1.15
4 8000 (80.0%) 1000 (10.0%) 1000 (10.0%) 0.85 0.7 8 5.667

• Ψ cannot be interpreted in the presence of ties
• If τ = P(XTi ≍ XCj) = 0, then Ψ = Λ.
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DECOMPOSITION OF THE NTB
• Consider a trial with nT = nC = 100, yielding nT × nC = 10,000 pairwise comparisons

Outcome Pairs Favorable Neutral Unfavorable θ ∆ Ψ Λ

1 10,000 4000 (40%) 4000 (40%) 2000 (20%) 0.6 0.2 2 1.5
2 4000 2000 (50%) 1000 (25%) 1000 (25%) 0.25 0.1 2 1.67
3 1000 500 (50%) 200 (20%) 300 (30%) 0.15 0.02 1.67 1.15

Overall 10,000 6500 (65%) 200 (2%) 3300 (33%) 0.66 0.32 1.97 1.94

• Additivity: ∆ = 0.20 + 0.10 + 0.02 = 0.32
• Relative contributions of outcomes 1–3: 62.5%, 31.25%, 6.25%
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ESTIMATION AND HYPOTHESIS TESTING
• Data: X(k)

gi
iid∼ F(k)

g ,g = T, C, i = 1, . . . ,ng, k = 1, . . . ,d
• Net treatment benefit ∆ = P(XTi ≻ XCj)− P(XTi ≺ XCi)

• One-sided hypothesis: H0 : ∆ ≤ 0

XTi vs. XCj

XTi ≻ XCj g(i, j) = 1

XTi ≍ XCj g(i, j) = 0

XTi ≺ XCj g(i, j) = -1

=⇒ G =


g(1, 1) · · · · · · g(1,nC)

... . . . . . . ...

... . . . . . . ...
g(nT , 1) · · · · · · g(nT ,nC)



g(i,+) :=

nC∑
j=1

g(i, j), g(+, j)=
nT∑
i=1

g(i, j), g(+,+) :=

nT∑
i=1

nC∑
j=1

g(i, j)
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ESTIMATION AND HYPOTHESIS TESTING
• Effect estimator: ∆̂ = g(+,+)

nTnC

• Information/variance estimator: Î := V̂(∆̂)−1 = 1
4N2

(
Q2

C
(nC−1)nCn2

T
+

Q2
T

(nT−1)nTn2
C

)−1

• Q2
g can be computed based on g(i,+),g(+, j) and g(+,+)

• Test statistic: TGPC = ∆̂
√
Î

• Under H0 : ∆ = 0: TGPC d−−−−→ N (0, 1)

• For small sample sizes, we approximate TGPC .∼. tf , where f is estimated as f̂ from the data
• We reject H0 if TGPC > t1−α,̂f

• GPC analogue of the Brunner–Munzel test for H0 : θ = 1/2 (equivalently, H0 : ∆ = 0)

Stephen Schüürhuis: Group-sequential methods for generalized pairwise comparisons 13
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Stephen Schüürhuis: Group-sequential methods for generalized pairwise comparisons 13



Introduction Generalized pairwise comparisons Group-sequential designs (GSD) GPC-GSD Simulation Study

ESTIMATION AND HYPOTHESIS TESTING
• Effect estimator: ∆̂ = g(+,+)

nTnC

• Information/variance estimator: Î := V̂(∆̂)−1 = 1
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Part II
Group-Sequential Designs
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GROUP-SEQUENTIAL DESIGNS

Total Sample SizeN1 = nC1 + nT1 N2 = nC2 + nT2 NK = nCK + nTK

T1

< l1

> u1

futility

efficacy

T2

< l2

> u2

futility

efficacy

TK

≤ uK

> uK

futility

efficacy

proceed to
second stage

Type-1 error rate control: PH0(T1 > u1) +
∑K

i=2 PH0(∩i−1
j=1{Tj ∈ [lj,uj]}, Ti > ui)

!
= α
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CANONICAL JOINT DISTRIBUTION

• A vector of test statistics T = (T1, . . . , TK)
⊤ with Tk = θ̂k

√
Ik is said to follow the canonical

joint distribution (asymptotically) if

1. T is (asymptotically) multivariate normal,
2. E[Tk] = θ

√
Ik (asymptotically),

3. Cov(Tk1 , Tk2) =
√

Ik1/Ik2 for 1 ≤ k1 ≤ k2 ≤ K (asymptotically) .

• If 1) - 3) hold, standard group-sequential routines may be used
=⇒ Famous examples include Pocock- and O’Brien-Fleming boundaries

=⇒ Software packages are readily available (such as rpact)

Stephen Schüürhuis: Group-sequential methods for generalized pairwise comparisons 16
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=⇒ Famous examples include Pocock- and O’Brien-Fleming boundaries

=⇒ Software packages are readily available (such as rpact)
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Part III

Group-Sequential Designs for Generalized Pairwise Comparisons
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KEY REFERENCE

• Group-sequential methods are
developed for:

• Wilcoxon-Mann-Whitney test
• Brunner-Munzel test
• Test based on success odds

• As GPC, they are expressible via
pairwise comparisons
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A SEQUENTIAL TEST FOR THE NET TREATMENT BENEFIT

• To apply GPC sequentially

1. Compute GPC matrix Gk ∈ {1,0,−1}nTk×nCk at each stage k = 1, . . . ,K

2. Compute (dependent) test statistics TGPC = (TGPC
1 , . . . , TGPC

K )⊤ with TGPC
k = ∆̂k

√
Îk

Main theoretical result:

The vector of test statistics TGPC = (TGPC
1 , . . . , TGPC

K )⊤ asymptotically adheres to the canonical
joint distribution.
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TYPE I ERROR RATE
• Simulated type-1 error rate for 2-stage group-sequential Pocock design (u1 = u2 ≈ 2.147)
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POWER AND EXPECTED SAMPLE SIZE
• 2-stage Pocock design with n2 = 100/arm, n1 = n2/2
• Endpoint 1: XCi ∼ B(0.5), XTi ∼ B(pT); Endpoint 2: XCi ∼ N(0, 1), XTi ∼ N(0.2, 1)
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Stephen Schüürhuis: Group-sequential methods for generalized pairwise comparisons 21



Introduction Generalized pairwise comparisons Group-sequential designs (GSD) GPC-GSD Simulation Study

POWER AND EXPECTED SAMPLE SIZE
• 2-stage Pocock design with n2 = 100/arm, n1 = n2/2
• Endpoint 1: XCi ∼ B(0.5), XTi ∼ B(pT); Endpoint 2: XCi ∼ N(0, 1), XTi ∼ N(0.2, 1)

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

−0.2 −0.1 0.0 0.1 0.2 0.3 0.4
∆

S
im

ul
at

ed
 P

ow
er

GPC

GPC−GSD

Single Outcome

Single Outcome−GSD

0

10

20

30

40

50

60

70

80

90

100

−0.2 −0.1 0.0 0.1 0.2 0.3 0.4
∆

S
im

ul
at

ed
 E

xp
ec

te
d 

S
am

pl
e 

S
iz

e

GPC

GPC−GSD

Single Outcome

Single Outcome−GSD
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SURVIVAL OUTCOMES

Interim analysis

Subject 1

Subject 2

Subject 3

Subject 4

Subject 5

Time

Event not (yet) observed
Event observed
OS
PFS

• Contribution of OF and PFS depends on timepoint of interim

Stephen Schüürhuis: Group-sequential methods for generalized pairwise comparisons 22



Introduction Generalized pairwise comparisons Group-sequential designs (GSD) GPC-GSD Simulation Study

KEY REFERENCE

Details
=⇒

Stephen Schüürhuis: Group-sequential methods for generalized pairwise comparisons 23



Introduction Generalized pairwise comparisons Group-sequential designs (GSD) GPC-GSD Simulation Study

CONCLUSION AND OUTLOOK
Conclusion

Group-sequential designs

• Improve efficiency of clinical trials
• Are advantageous from an ethical point of

view

Generalized pairwise comparisons

• Allow to use multiple prioritized outcomes
• Allow to provide a more patient-centric

view on drug efficacy

Outlook

• Improved small-sample properties
(alternative test procedures)

• Trial planning and sample size
determination

• Incorporation of marginal inference
• Extension to further adaptive elements
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Thanks for the attention!
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